Content List available at Novus-Publishers
(EJAST) European Journal of Applied Science and Technology-Novus

e-ISSN: 2785-096X
2021, 01(01)

Journal homepage: http://ejast.novuspublishers.org/

Paper id: 010004EJAST

Research article

Nonlinear Structure Under Righi-Leduc Effect in Ion Temperature
Gradient Driven Modes for Electron-Ion Magneto-Plasma
Aziz Khan1,2, Zakir Ullah1 and Qamar Haque3,4
1
2
3
4

Department of Physics, University of Malakand, 18800, Dir(L), Pakistan
Department of Physics, Government Degree College, Swat, 18800, Khyber Pakhtunkhwa, Pakistan
Theoretical Plasma Physics Division PINSTECH, Islamabad, Pakistan
National Center for Physics, Quaid-i-Azam University Campus, Islamabad 44000, Pakistan

ARTICLE INFO

Received: 15.05.2021
Accepted: 16.06.2021
Final Version: 25.07.2021

*Corresponding Author:
Email:

ABSTRACT

These observation related to the properties of the turbulence driven ion heat flux is
presented. Nonlinear and nonlinear solutions in the form of soliton and shock show that
these structures in presence of ion heat flux modify in the electron ion magnetized
plasma. The present study might have its importance in energy confinement devices such
as tokamak, because the heat flux observed experimentally in tokamak plasma is much
higher than those ascribed by collisions. Further, it could be useful to understand the
nonlinear electrostatic excitations in stellar and interstellar medium.
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Introduction
Over the last few decades the number of researchers shows a great interest in the observation of nonlinear phenomenon
and related properties in plasma also its applications in astrophysics and space environment [1, 2, 3]. For this task a
number of authors investigated the ion temperature gradient (ITG) drift mode some of them chose the slab geometry
[4, 5] and some toroidal geometry[6].
Mathematically ion temperature gradient coefficient is defined as ηi = Ln/LT [10] here Ln =
1/∂x ln nio(x), LT = 1/∂x ln Tio(x) are the ion density and temperature length scale. For the first time ITG (ion
temperature gradient) driven mode was studied by Rudakov and Sagdeev [4], which is extended to a nonuniform
number density of plasma species with a magnetic shear here ion kinetic effect, was also included. That research was
carried out for the instability limits in the toroidal geometry with in-homogenous plasma configuration. Further the
background effect as a result of the pressure was also investigated [5]. Hahm and Tang [8] presented some new
properties of the ion temperature gradient (ITG) driven mode with a background magnetic field. Jerman et al.[10]
using Braginskii’s transform equation also added the ion heat flux (Righi-Leduc) effect in the ion energy balancing
equation and derived ion temperature gradient (ITG) model equations for a maxwellian plasma. Shukla [11] and
Shukla and Weliand [12] studied the coupled ion temperature gradient (ITG) and toroidal ion temperature gradient
(TITG) modes and derived equations for the nonlinear structure of dipolar vorticies where the plasma species
considered to be maxwellians. Zakir et al. [13] investigated the nonlinear vortical structure of dipolar vorticies in the
plasma where electrons are taken to be super-thermal. In inhomogeneous plasma the dynamics of low frequency
electrostatic excitation was studied by Adnan et al. [14].
The electron temperature gradient (ETG) where the ETG coefficient is ηe = ∂x(ln Teo)/∂x(ln neo)which is
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The electron temperature gradient (ETG) where the ETG coe_cient is _e = @x(ln Teo)=@x(ln neo) which is
accountable for the micro instabilities in the plasma [16]. Both ηe and ηi modes of in- stabilities are very
strong as compare to the collision driven fluxes and (electron/ion) gyro-radius (ρe/ρi), effects. Observation shows
that in the ITG both number density and temperature gradient perturbations are out of phase and that type of
modes are very strong in the non-thermal regime. ηi instability is arises due to the free energy which is stored in
the form of ITG. In toroidal geometry the (ITG) mode were strong in a magnetic field this mode is generated in
ηi > 1 condition. Qamer et al. [15] investigated the electron temperature gradient (ETG) mode of instability and
nonlinear vortices structures with circular and elliptical boundaries taken electrons to be super-thermal in
electron ion plasma. Khan et al. [31] discussed the electron temperature gradient (ETG) mode of instability with
incorporating the entropy effect in the energy balancing equation. Mirza et al. [18] studied the ITG mode of
nonlinear structures in inhomogeneous plasma where electrons are considered to be Maxwellian.
Plasma is a nonlinear fluid where the nonlinear structures such as vorticies, solitons and shocks play an important
role in the transportation of heat, mass and momentum [19, 20, 21, and 22]. Sabry et al. [23] studied the nonlinear
collision-less structures using electron positron ion (e-p-i) plasma. Many author considered different conditions
and investigated the formation of nonlinear solitons [24, 25], shocks [26] and two dimensional vorticies [27, 28,
29]. Zakir et al. [30] noticed the ITG driven mode nonlinear structures such as solitons and shock. Khan et al. [31]
the effect of entropy in the ITG mode which shows that the entropy is an important factor for the
transportation of mass, momentum and energy in an inhomogeneous plasmas. The same author in [32] investigated
the effect of entropy on the solitons profile in the ITG mode of magneto plasma. Javed et al. [33] studied
the soliton formation in the ITG driven mode taking magneto-plasma also verified the solution of KdV type of
differential equation by homotopy perturbation method (HPM). Here we study the ITG mode solitory and shock
waves in electron ion (e-i) magneto-plasma and taking for the first time the Righi-Liduce heat flux term in
the energy balancing equation for the ion. This article is divided into the following sections: in section II,
formalism related to ITG mode is given and the dispersion relation has been derived. In section III and IV,
we study the linear and nonlinear (ITG) mode in (e-i) megneto-plasma, section V gives discussion on the
numericalanalysis while section VI, will give the summary and conclusion of our work.

Theory Related To Our Model
Here we have taken a non-uniform electron-ion (e-i) plasma, with a magnetic field B0^z along z-axis. The ion density
and temperature gradients are taken along the x-axis i.e., for ions number density and temperature respectively.
The masses of ions compare to the masses of electrons are very larger and we considered ions as a dynamic species in
the plasma while electron taken to be Maxwellian. The ion temperature gradients ITG mode of frequency is very small as
compare to the ion gyro-frequency
here e is the ion charge magnitude, mi is the ion mass and c refer to the speed of light. We have taken another condition
here as

that shows that the uctuation is electrostatic. The ion momentum equation

Eq. (1) is the parallel component of the ion momentum equation where Ez = −∂zφ is the electric field along
the z-axis. Taken here the drift approximation and ni = ni0 + ni1, Ti = Ti0 + Ti1 we can expanding the ion
number density and temperature with the conditions ni1 ni0 and Ti0 Ti1. Those quantities which have a
subscript ”0” refer to the unperturbed and that with subscript ”1” refer to the perturbed quantity. As ITG mode of
frequency in compression of the ion gyro-frequency is very small i.e. ω ωci, so we can take here the different
components of ion drift velocity referto previous literature [34].as
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Eq. (2) where the E × B drift is vEB =

c

(ẑ× ∇Φ), ion diamagnetic drift vDi =

(ẑ× ∇pi ), ion

c

polarization drift vpi = −
+ vi .∇)ẑ × vi and the stress tensor drift is vπi =
(ẑ ×en∇.π
).
iB i
0
Here the different symbols; Φi refer to the electrostatic potential, P = niTi pressure, πi stress tensor
c
B0ω(∂
c t

1

and viz is the ion fluid velocity along the z-axis. The continuity equation for the ion fluid in the (e-i)
plasma is given by

Incorporating the Righi-Leduce heat flux term

5cTi

ẑ × ∇Ti in the energy balance equation for the ion is as
2eB0

Here the conditions of quasi-neutrality is given by

Linear Dispersion Relation
Inserting the ion velocity Eq. (2) into the continuity equation and solving the different component of the ion
velocity under drift approximation generate the following equation

here cs = ρi ωci and ρi is the ion gyroradius in the (e-i) plasma. Using the drift approximation in Eq. (4) and Eq. (5)
one can get for the ion fluid dynamic the nonlinear energy balance equation as
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Under the assumption that the plasma species obey the Maxwellian distributions for which the number density
is given by

Where s refer to the plasma species, for electron the electric charge is taken to be −e in the exponent of the Eq.
(9). We considered small wave amplitude to get valuable information about the phase velocity in the plasma. The
different perturbed quantities that varying exponentially as exp (ikyy + ikzz − iωt), where ky is the perpendicular
and kz is the parallel components of wave vector while ω is the angular frequency. Under small amplitude
consideration of the perturbed quantities we can written Eqs. (6)- (8) in the linearized form by Fourier
transformation as

and

Using Eq. (9) in Eq. (5) we can write the normalized number density from the quasineutrality condition of
electron ion plasma as

To get a linear dispersion relation by combining Eqt. (10)- (13) and after some interpretation we can obtained an
equation
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Limiting Cases
Eq. (14) has a third order linear dispersion relation for ITG driven mode in electron ion (e-i) plasma. The
additional tems in the dispersion relation shows us a clear effect of the Righi-Leduce heat flux term in the ion
energy balancing Eq. (4). From Eq. (14) if we remove the Larmor radius effect and mention ηi 2 then the
resultant equation reduce to (insert contour plats)
3

If we put ωD = 0 then we can get the dispersion relation for the epi plasma without heat fluxeffect. i.e.

(1 +

τ

s z

s z i

3
Eq. (16) is the dispersion relation when there is no heat flux term in the ion energy balancing equation which
was study by the Zakir et al [30].

Nonlinear structure Soliton
In this section we trying to derived the relation for the nonlinear structure of solitary waves. In a dispersive
medium whose consistences are electron and ions, we introduce a new frame of stretching coordinate in the form ξ
= y+αz −ut, where α is a small angle with the z-axis and u is the nonlinear wave velocity. In that set of
coordinates Eq. (6) takes the shape of

Also in the same set of coordinates we can write the parallel component of ion momentum equationas
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and from Eq. (8) we can set the value of T in the ξ−coordinates as

Where K2 =

1

(1− 53

v

D
u )

{ 2 − τ (ηi − 2)vni}. Equations (17)-(18) describe the dynamics of nonlinear
3

u

3

ion temperature gradient mode. Upon using Eqt. (18) in Eq. (17) We get the nonlinear
partial differential equation of the form

This in more simple form becomes

With the values of A1, A2 and A3 are given by

here A =

A2

,and B =

A3

A

A

1

1

1. By solving the Eq. (22), the Korteweg-de-Vries (KdV) equation we
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can write the solution in the form

The derived relation clearly shows that non-linearity driven by ITG mode modifies in the presence of ion heat flux.
From the potential relation obtained in this section we are now in the position to get the expression for the electric
field. This can be done by using Eq. (23) which gives

Nonlinear Structure Shocks
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Graphical Discussion
In this section of our work we give in a detail the numerical results based on our calculations in the 2nd, 3rd and
4th sections. Fig. 1 represents the linear plot for ITG mode frequency versus parallel wave number based on Eq.
(15) and Eq. (17). We can observed that the phase velocity of the ITG mode is higher in the case when heat flux
term is incorporated in the ion energy balancing equation while in the other case its phase velocity is low. So in
case of heat flux term the kinetic energy of the ion in the plasma are increases and so the electron ion magnetized
plasma become unstable. By increasing the ion to electron temperature ratio the phase velocity of the ITG driven
mode increase that show clearly that with the increase in ion to electron temperature ratio the plasma become
unstable, Its detail is shown in Fig. 2.
Figure 3 shows the impact of the background magnetic field on the phase velocity of the ITG driven mode electron
ion plasma. The phase velocity can be controlled by the magnetic field when we increase its values. The variation
of the phase velocity is inverse with the ion temperature gradient coefficient, as shown in Fig. 4.
Fig. (5) Show the ion to electron temperature ratio effect on the soliton wave profile based on Eq. 25. With the
increase of the ion temperature to electron temperature ratio the maximum amplitude of the solitary wave
diminished while its width becomes large. It shows that the dispersive property increases with the high ion
temperature to electron temperature ratio. Fig. (6) show the impact of ITG coefficient on the solitory waves
amplitude, with the ηi value the amplitude of the soliton decreases while the width of the soliton remain the same.
In Fig. (7) We have investigated the influence of the magnetic field on the solitary wave amplitude and its
width, there the widthof the soliton diminished with the enhancement of the back ground magnetic field.
Fig. 8 we have studied the effect of ion temperature to electron temperature ratio on the amplitude of the shock
waves, it shows the irregular variation in maximum amplitude of the shock with that ratio. In Fig. (9) it is
clear that the shock wave amplitude can be controlled easily by the background magnetic field. While Fig. (10)
Shows the impact of the ion temperature gradient coefficient on the shock wave profile.
Based on Eq. 26, in Fig. (11) We have observed the back ground magnetic field effects on the electric filed
generated due to the solitary wave, results show that the amplitude of the electric filed due to solitary wave
increases and localized more in space with the magnetic field. Fig. (12) Shows the effect of the ion to electron
temperature coefficient on the resultant electric filed due to the solitary wave. It shows that the amplitude of
the electric field decreases but its locality is increases with the ion to electron temperature ratio. The amplitude of
the soliton electric field can also be decreases with the increases in ion temperature gradient coefficient in the electron
ion magnetized inhomogeneous plasma.

Figure 1: (color online): Comparison of the ITG driven mode phase velocities for the e-i magnetized
plasma when heat flux is consider and without heat flux, against kz.
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Summary
We studied the properties of the ion temperature gradient (ITG) driven mode in an inhomogeneous and magnetized
electron ion plasma including the heat flux term in the ion energy balancing equation. A set of linear and
nonlinear equations are derived from the basic magneto hydrodynamics (MHD) equations of plasma in ITG mode.
We have considered the ions to be dynamic and electrons are taken to be maxwellian. By coupling the continuity,
momentum and energy balancing equation through quazi-neutrality condition we obtained a modified dispersion
relation in the presence of heat

Figure 2: (color online): The real frequency of ITG mode (Eq. 15) is plotted against kz, using
parameters as mention in the text. Keep other parameters constant and by changing Ti. For Ti = 0.1Te
(the blue solid line), Ti = 0.2Te (the red dashed line) and Ti = 0.25Te (the black dotdashed line).
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Figure 3: (color online): The real frequency of ITG mode is plotted against kz . Keep other parameters
constant and by changing B . For B = 1 × 104G (the blue line), B = 1.5 × 104G (the red line) and B = 2 ×
104G (the black line).

Figure 4: (color online): The real frequency of ITG mode is plotted against kz . Keep other parameters
constant and by changing ηi. For ηi= 1 (the blue line), ηi= 2 (the red line) and ηi= 3 (the black line).
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Figure 5: (color online): Ion to electron temperature ratio effects on solitary waves profile in ion
temperature gradient mode (φ1 vs ξ). Keep other parameters constants and changing for Ti = 0.1Te (the
blue solid line), Ti = 0.2Te (the red dashed line) while Ti = 0.3Te (the black dotdashed line).

Figure 6: (color online): Ion temperature gradient coefficient effects on solitary wave profile in ITG mode
(φ1 vs ξ). Keep other parameters constants and changing for ηi = 1 (the blue solid line), ηi = 2 (the
red dashed line) while ηi = 3 (the black dotdashed line).
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Figure 7: (color online): Ion temperature gradient coefficient effects on solitary wave structure in ITG mode
(φ1 vs ξ). Keep other parameters constants and changing for B = 1.5 × 104G (the blue solid line), B = 1.5
× 104G (the red dashed line) while B = 1.5 × 104G(the black dotdashed line).

Figure 8: (color online): Ion to electron temperature ratio effects on shock structure in ITG mode (φ1 vs ξ).
Keep other parameters constants and changing for Ti = 0.1Te (the blue solid line), Ti = 0.15Te (the red
dashed line) and Ti = 0.2Te (the black dotdashed line).
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Figure 9: (color online): Magnetic field effects on the propagation of shocks in ion temperature gradient
driven mode (φ1vs ξ), based on Eq.(23). Keep other parameters constants and changing for B = 3 ×
104G (the blue solid line), B = 4 × 104G (the red dashed line) while B = 5 × 104G (the black dotdashed
line).

Figure 10: (color online): Ion temperature gradient coefficient effects on the properties of shocks in ion
temperature gradient mode (φ1 vs ξ). Keep other parameters constants and changing for ηi = 2 (the
blue solid line), ηi = 2.5 (the red dashed line) while ηi = 3 (the black dotdashed line).
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Figure 11: (color online): Ion to electron temperature ratio effects on the electric field of the soliton profile
in ion temperature gradient mode (E1 vs ξ). Keep other parameters constant and changing for Ti = 0.2Te
(the blue solid line), Ti = 0.25Te (the red dashed line) and Ti = 0.3Te (the black dotdashed line).

Figure 12: (color online): Magnetic field effects on the electric field of the soliton profile in ion
temperature gradient (E1 vs ξ). Keep other parameters constant and changing for B = 1 × 104G (the blue
solid line), B = 1.5 × 104G (the red dashed line) and B = 2 × 104G (the black dotdashed line).
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Figure 13: (color online): Ion temperature gradient coefficient effects on the electric field of the soliton
profile in ion temperature gradient mode (E1 vs ξ). Keep other parameters constant and changing for ηi =
1.5 (the blue solid line), ηi = 2 (the red dashed line) and ηi = 2.5 (the black dotdashed line).

Nonlinear solutions in the form of soliton and shock show that these structures in presence of ion heat flux modify in
the electron ion magnetized plasma. It could be useful to understand the nonlinear electrostatic excitations in stellar
and interstellar medium.
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